
ICASE 
A NUMERICAL SCHEME TO SOLVE 

d i v  u = p,  curl u = 5 - - 

Milton E. Rose 

Report No. 82-8 

April 7, 1982 

INSTITUTE FOR COMPUTER APPLICATIONS IN SCIENCE AND ENGINEERING 
NASA Langley Research Center, Hampton, Virginia 23665 

Operated by t h e  

a n  

UNIVERSITIES SPACE RESEARCH ASSOCIATION 



A NUMERICAL SCHEME TO SOLVE 

d i v  g = p, c u r l  g = 5 

8 

Milton E. Rose 

I n s t i t u t e  f o r  Computer Appl ica t ions  i n  Science and Engineering 

Abs t rac t  

A c0mpac.t f i n i t e  d i f f e rence  scheme and a r e l a t e d  box-scheme are descr ibed 

f o r  so lv ing  d i v  2 = p, c u r l u  = 1 without  t he  use  of vec tor  and scalar 

p o t e n t i a l s  . 

This  work was supported by the  Nat iona l  Aeronaut ics  and Space 
Adminis t ra t ion under Contracts  NAS1-16394 and NAS1-15810 whi le  t h e  au thor  was 
in res idence  a t  ICASE, NASA Langley Research Center,  Hampton, VA 23665. 



In t roduc t ion  

This paper desc r ibes  a f i n i t e  d i f f e r e n c e  scheme f o r  t h e  numerical  

which does not employ v e c t o r  and s o l u t i o n  of d i v  2 = p, c u r l  2 = 5 

s c a l a r  p o t e n t i a l s  . 
i n  If? 

A d i f f i c u l t y  i n  cons ider ing  any na ive  f i n i t e  d i f f e r e n c e  scheme f o r  t h e s e  

equations arises from t h e  f a c t  t h a t  t h e  d i f f e r e n t i a l  equat ions  are 

overdetermined un le s s  t he  compatabili ty condi t ion  d i v  c u r l  u = 0 is imposed 

and t h e r e  is then a need t o  desc r ibe  a determined system of a l g e b r a i c  

equat ions  f o r  JI-. This problem does not ar ise  i n  two dimensions where a 

scheme f o r  t h e  Cauchy-Riemann equat ions ,  s imilar  t o  t h a t  proposed he re ,  w a s  

descr ibed  i n  Rose [ 4 ]  and was e f f e c t i v e l y  employed by Gatsk i ,  Grosch, and Rose 

[ l l  However, t h e  d i scuss ion  i n  [41 lacked a s a t i s f a c t o r y  proof of 

convergence. 

A f a c t  of t h e o r e t i c a l  and p r a c t i c a l  importance is t h a t  t h e  s o l u t i o n  of 

t h e  d i f f e r e n t i a l  equations may be obtained i n  the  form 2 =E+ where 

d i v  y- = 0 and c u r l  = 0. We s h a l l  shov t h a t  a r e l a t e d  decomposition 

a p p l i e s  t o  t h e  f i n i t e  problem as w e l l .  However, w e  s h a l l  no t  i n t roduce  the 

vec to r  and s c a l a r  p o t e n t i a l s  y- = c u r l  5 = grad 4 by means of which t h e  

continuous problem may, by employing a p a r t i c u l a r  s o l u t i o n  of 

c u r l  c u r l  z = - C, be  reduced t o  so lv ing  V 4 = p. By not employing such 
2 

p o t e n t i a l s  w e  hope t o  examine t h e  a l g e b r a i c  problem underlying a d i r e c t  f i n i t e  

d i f f e r e n c e  approach t o  t h e  system of d i f f e r e n t i a l  equat ions  and, a l s o ,  t o  

desc r ibe  a scheme which may be of p r a c t i c a l  use  when, as is common, a c c u r a t e  

va lues  of g r a d s  a t  t h e  boundary of a domain a r e  r equ i r ed  and which need not 

be simply accomplished when f i n i t e  d i f f e r e n c e  schemes based upon p o t e n t i a l  

formulations are employed. 
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Noting t h a t  t he  most u se fu l  i d e n t i t i e s  which lead  t o  norm estimates f o r  

t h e  s o l u t i o n  of t he  continuous problem are based upon t h e  use of i n t eg ra t ion -  

by-parts we  in t roduce  a t  the  ou t se t  an inner  product i n  a f i n i t e  approximation 

space and then impose condi t ions  which permit  summation-by-parts t o  p lay  t h e  

same r o l e  i n  t h e  f i n i t e  problem as integrat ion-by-parts  p l ays  i n  t h e  

continuous case. This  leads  d i r e c t l y  t o  a v a r i a t i o n a l  formulat ion of t h e  

f i n i t e  problem and the  r e s u l t i n g  f i n i t e  d i f f e r e n c e  equat ions (given by (3 .1)  
? 

and ( 3 . 2 ) )  emerge as t h e  a d m i s s i b i l i t y  condi t ions  and the  Euler  equat ions f o r  

t h e  v a r i a t i o n a l  problem. A n a t u r a l  consequence, a l s o ,  are norm estimates 

whose use  immediately e s t a b l i s h e s  the  convergence of t h e  scheme. While t h e s e  

estimates imply t h a t  t h e  c e n t r a l  d i f f e rences  of t he  s o l u t i o n  a of the  

f i n i t e  d i f f e r e n c e  scheme as w e l l  as a i t s e l f  are f i r s t  o rder  accu ra t e  t h e s e  

r e s u l t s  may, no t  t he  b e s t  poss ib l e  s ince ,  i n  t h e  two-dimensional case, 

numerical r e s u l t 8  i n d i c a t e  t h a t  a is second order  accu ra t e  [l]  . 
The f i n i t e  d i f f e rence  equat ions (3 .1)  and (3 .2)  which arise from t h i s  

approach are compact i n  t h e  sense t h a t  they desc r ibe  r e l a t i o n s h i p s  between 

va lues  of a on t h e  f aces  of a r ep resen ta t ive  computational cel l .  They a l s o  

lead ,  with a cons iderable  reduct ion  i n  computational e f f o r t ,  t o  a box-scheme 

i n  which v a r i a b l e s  a s soc ia t ed  with t h e  v e r t i c e s  of a ce l l  are employed. While 

an SOR type of s o l u t i o n  method due t o  Kaczmarz [3] can be employed t o  s o l v e  

t h i s  type of system, methods more s p e c i f i c  t o  equat ions  of t h i s  type would be 

h ighly  des i r ab le .  We p lan  t o  r epor t  on several such methods i n  a forthcoming 

paper. 
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1. A Summation I d e n t i t y  

L e t  D be a bounded region i n  I?? with boundary I' on which is  t h e  

outward u n i t  normal. We consider  a s teady,  i n v i s c i d ,  incompressible  flow i n  

D having s p e c i f i e d  d i s t r i b u t i o n s  of v o r t i c i t y  2 and sources  p, t h e  mass 

f l u x  over t he  su r face  being prescr ibed .  Thus, i f  g is thp v e l o c i t y ,  then  

where, necessa r i ly ,  

.f gdA = (pdv, .f (J*s)dA = 0, 
r D r 

in which the  l a t te r  condi t ion  arises from d i v  c u r l 2  = 0.. 

An e a s i l y  e s t ab l i shed  i d e n t i t y  r e s u l t i n g  from t h e  use of i n t e g r a t i o n  by 

p a r t s  is 

i n  which 

. 

2 2 2 2 
[grad En I (grad u1 + grad u2 + grad ug)dV. 

D 
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Cover D by r egu la r  cel ls  {IC) each of volume AV = Ax Ax Ax whose 1 2 3  

f aces  are p a r a l l e l  t o  the  coord ina te  axes;  the  r e s u l t  is a covering domain 

Dh, h = max Ax , whose corresponding boundary rh is formed by f aces  of 
i i - 

{IC) each of r ep resen ta t ive  area AA. Define 

f o r  Axi + 0. Then corresponding t o  t h e  product i so t h a t  

r u l e  

aiu = l i m  u,  

ai(uv) = uaiv + va u is the  summation-by-parts formula i 

In  order  t o  he lp  emphasize the  n a t u r a l  correspondence between d i s c r e t e  

and continuous r e s u l t s  w e  s h a l l  le t  gradh, divh, Cmlh denote  the  ope ra to r s  

r e s u l t i n g  by s u b s t i t u t i n g  c e n t r a l  d i f f e r e n c e  approximations i n  t h e  

corresponding d i f f e r e n t i a l  operators .  Then Gauss' theorem a p p l i e s  i n  t h e  

discrete form 

(1.5) 

I f  r and s are 3 x 3 mat r ix  valued func t ions  we  l e t  

2 -  I r l  = ( r , r ) .  
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i j k  
W e  s h a l l  a l s o  f i n d  it  convenient t o  employ t h e  elementary tensor  E 

defined by 

= 1, ( i , j , k )  = even permutation of (1,2,3), 

= -1, ( i , j , k )  = odd permutation of (1,2,3), 

= 0, any equal  i nd ices ;  

i j k  
E 

thus 

Using the  no ta t ion  (1.3) consider  t h e  f i n i t e  d i f f e r e n c e  equat ions  

- ’ 1 U i , i  “ P  
i 

. 

with  

Take s = s ( g )  gradh 2 E (u ) and consider  a choice of r = r (v)  
i , j  

such t h a t  summation-by-parts is poss ib l e  i n  ( r ( v )  ,s(u))h: s i n c e  

= r i i ( P  - c U j , j ) ,  

j fi 
iiui,i r 

t he  no ta t ion  (1.3) sugges ts  t he  choice r = r ( v )  given by 
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S i f j f k  j k  r = v  ii ii 

9 i f j .  
i 

=i j  = vij  

Using (1.4) and (1.8) as w e l l  as a c e r t a i n  amount of formal manipulation, t h i s  

leads  t o  

(1.10) 

i n  which 

(1.11) qi = vijuj  + VikUk - ui(v:j + v l k ) ,  i p j f k  

- whi le  
k u =  

i f j  #k i 

and 

i j  
= ui - 

When 

(1.12) u = (a i ) '0, zij = 0, 
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i n  (1.10) t h e r e  then r e s u l t s  the  summation i d e n t i t y  

(1.13) 

Note t h a t  t h e  expression ( r ( v ) , s ( u ) ) h  involves  only averages or  d i f f e rences  

of v o r  u, i.e., only the  va lues  of these  v a r i a b l e s  on t he  f a c e s  of t h e  

elementary c e l l s  {n} which cover D. The same is t r u e  of t he  de f in ing  

equat ions (1.7) as w e l l  as condi t ions  (1.12) 

2. A Var i a t iona l  Formulation 

Consider the f i n i t e  dimensional space Hh having the inner product  

( r (v) , s - (uJ)h .  In Hh t he  spaces 8 (v ) ,  8 (u)  def ined by 

B(v): g = 0 ,  a =  0 i n  Dh 

(j +i) on rh 
= O 

i n  Dh 
= O, = O 

Q(u) : 

- u.2 = 0 On rh, 

are or thogonal ,  i.e., (Q(v) ,Q(u) )  = 0. Suppose t h a t  t h e  manifolds 

Qo (u) : divh g = p 

= O 

i n  Dh 

On rh, - U'" = g 
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have a common poin t  of i n t e r s e c t i o n  (u*,v*) s a t i s f y i n g  r(v*) = s(u*). This  

po in t  may be obtained as t h e  s o l u t i o n  of t h e  fol lowing v a r i a t i o n a l  problems 

(c.f. [ l l ) :  

I1 . min Ilr(v*) - s ( u )  II = 0. 
u E Qo(u) 

These v a r i a t i o n a l  problems are r e c i p r o c a l  i n  t h e  sense  t h a t  t h e  a d m i s s i b i l i t y  

condi t ions  f o r  one are the  Euler  equat ions f o r  t he  other .  

As a r e s u l t ,  (1.13) y i e l d s  

. Wgradh u*H2 = 1 [(divhu * 2  ) + (curlhu * 2  ) ]AV + 1 (9 * *g)U, 
(2.4) 

Dh rh 

* * * *  
where, if q = (ql,q2,Q3), 

The common s o l u t i o n  v* and u* of the  v a r i a t i o n a l  problems (2.3) are 

thus  r e l a t e d  by r(v*) = s(u*) ,  Le. ,  

* * * * 
i + j # k ,  (Vii)Jk = u i, i’ 

and s a t i s f y  equat ions (2.12). If g = 0 on r re fe rence  t o  (2.5) shows t h a t  

g**n = 0 a l s o ;  f o r  t h e  homogeneous problem i n  which d i v  2 = 0, 

cu r lh  2 = 0, and g = 0 (2.4) then impl ies  gradh 3 = 0 i n  Dh and it is  

h - 
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- fol lows t h a t  2 = 0 i n  Dh. The d i f f e r e n c e  equat ions (2 .2)  and (2 .6)  t hus  

have a unique so lu t ion .  

It is easy t o  v e r i f y  t h a t  t hese  equat ions are cons i s t en t  wi th  t h e  

d i f f e r e n t i a l  equat ions ( 1 . 1 )  ( t h e  compatabi l i ty  condi t ions  a a u = a a 
imply the  consis tency of t he  condi t ion  = 0 i n  ( 2 . 2 ) ;  the  correspondence of 

(2 .4 )  with (1 .2)  is  a l s o  ev ident ) .  

i j  j tu 

.I 

3. The Algebraic  Problem 

I n  t h e  three-dimensional case t h e  a lgeb ra i c  system expressed by (2 .6 )  and 

(2 .2 )  is overdetermined. This  s e c t i o n  w i l l  de sc r ibe  a f i n i t e  d i f f e r e n c e  

scheme which,results in a determined system of equations. 

Suppose ’ Dh is  composed of N 3  cel ls  and t h a t  rh has  6N’ ce l l  

faces .  There -are then a t o t a l  of f = 3N2(N+1) f aces  of cel ls  {I’c} which l i e  

i n  Dh and rh. The values  of v and u i n  (2 .6 )  and (2 .2 )  are a s s o c i a t e d  

wi th  t h e  f aces  of t hese  c e l l s ,  hence t h e r e  are a t o t a l  of 9f v a r i a b l e s  v and 

3f v a r i a b l e s  u t o  be determined. The number of a d m i s s i b i l i t y  condi t ions  

(2 .2 )  f o r  t h e  manifold Qo(v) is  7N + 12N whi le  Q (u) involves  

7N3 + 6N2 t h e  a d d i t i o n a l  9N3 condi t ions  (2 .6 )  express ing  r ( v )  = s ( u )  t hus  

lead  t o  a t o t a l  of 2 3 ~ ~  + 18N2 condi t ions  f o r  t h e  (9+3)f var i ab le s .  

3 2 

0 

In  o rde r  t o  ob ta in  a de te rmhed  system of a l g e b r a i c  equat ions  f o r  t h e  

3f = 9N2(N+1) v a r i a b l e s  u we may add t o  t h e  7N3 + 6N2 a d m i s s i b i l i t y  

condi t ions  f o r  Qo (u) any a d d i t i o n a l  2N3 + 3N2 a d m i s s i b i l i t y  cond i t ions  

f o r  Qo(v) s i n c e  the  la t ter  a l s o  express  t h e  Euler  condi t ionns f o r  t h e  

v a r i a t i o n a l  problem f o r  U. S p e c i f i c a l l y ,  we  may consider  t h e  following: t o  

the  9N3 + 6N2 equat ions  

-10- 
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d i v  2 = 0 h 

- u  = c1 3,2 2,3 U 

= c2 - u  1,3 3,l U 

- U'" = g 

i n  Dh 

impose t h e  a d d i t i o n a l  condi t ions  

i n  any 3N2 cel ls  i n  Dh. The r e s u l t  is then a determined system of 

a lgeb ra i c  equat ions  whose s o l u t i o n  provides  u*. The v a r i a t i o n a l  formulat ion 

shows tha t '  equat ion (3.2) w i l l  a l s o  be s a t i s f i e d  i n  each of t he  cel ls  N3 

i 

Of Dh. 

The r e l a t i o n s h i p  of t h i s  r e s u l t  t o  t h e  continuous problem may be 

i n t e r p r e t e d  as follows: t h e  i d e n t i t y  d i v  c u r l  = 0 which impl ies  a l i n e a r  

r e l a t i o n s h i p  between t h e  components of t he  v o r t i c i t y  5 = c u r l  i s  a 

consequence of t h e  compatabi l i ty  condi t ions  a a w = a a W. This  dependency 

is only approximately expressed by t h e  f i n i t e  d i f f e r e n c e  equat ions;  h e r e  one 

of the  components of cu r lh  = 3 may be given a t  3N2 cel ls  whereas t h e  

o t h e r  two components are t o  be s p e c i f i e d  throughout t h e  N3 cells of Dh 

(3.1); then, necessa r i ly ,  c u r l  2 = 3 throughout . 

i j  j i  

h Dh 

We s h a l l  not  descr ibe  e f f e c t i v e  numerical  procedures t o  so lve  (3.1) and 

(3.2) except  t o  observe t h a t  t he  genera l  SOR type scheme descr ibed  by Kaczmarz 

[3] is  appl icable .  This  scheme was u t i l i z e d  i n  [21 t o  treat t h i s  problem i n  

two-dimensions where, it is worth observing, a determined system of f i n i t e -  

d i f f e r e n c e  equat ions  is descr ibed by 
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i n  Dh 1,2 E c3 - u  
291 

U 

(3.3) 

B ox-variab les 

The d i f f e r e n c e  equat ions (3.1) and (3.2) ( i n  two-dimensions, (3.3)) can 

be more economically solved by t h e  use of box-variables descr ibed as fol lows:  

i n  a ce l l  II: l e t  wi denote a f ace  p a r a l l e l  t o  xi = const.  and let  

u(wi) i n d i c a t e  a va lue  a s soc ia t ed  with the  f a c e  w which arises i n  t h e  

f i n i t e  d i f f e r e n c e  equat ions.  Associate  wi th  t h e  v e r t i c e s  of t h e  ce l l  A 

values Zi, called box-variables,  satisfying 

i 

i Then t h e  condi t ions  i n  (3.1) are s a t i s f i e d  i d e n t i c a l l y  and 

t h e  remaining equat ions  i n  (3.1) and (3.2) reduce i n  number t o  a t o t a l  of 

3N2(N+3). The t o t a l  number of v a r i a b l e s  introduced by (3.4) is  3 ( ~ + 1 ) ~  so 

t h a t  t h e  components of & may be given a r b i t r a r i l y  a t  (3N+1) vertices in 

order  t o  so lve  (3.1) and (3.2) i n  terms of the  box-variables I n  c o n t r a s t ,  

i n  two dimensions t h e  components of z may be given a r b i t r a r i l y  a t  one v e r t e x  

po in t  . 

2 = 2' (i f j) 
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4 

4. Convergence 

For an a r b i t r a r y  mesh-valued func t ion  such t h a t  2.2 = 0 on I' h 

the  i d e n t i t y  (1.10) leads ,  by tak ing  r ( v )  = s ( u ) ,  t o  

L e t  denote the  d i f f e r e n c e  between the  s o l u t i o n  u of t h e  

d i f f e r e n t i a l  equat ion (1.1) and the  s o l u t i o n  a of t h e  f i n i t e  d i f f e r e n c e  

equat ions (3.1) and (3.2). Noting (1.11) and (2.6), then 2 
o(5 h)  = O(h ) , 

11 gradh 2 h II = O(h) and hence also IIL h I1 = O(h). As noted i n  t h e  

in t roduc t ion ,  t h i s  may not  be the  s t r o n g e s t  ' p o s s i b l e  estimate; however i t  i s  

s u f f i c i e n t ' t o  e s t a b l i s h  the  convergence of t he  f i n i t e - d i f f e r e n c e  scheme (3.1)- 

(3 .2 )  

5. ConcludinR Remarks 

The accu ra t e  s o l u t i o n  of boundary value problems depends c r i t i c a l l y  upon 

an accu ra t e  t reatment  of t h e  boundary condi t ions.  Because t h e  f i n i t e  

d i f f e r e n c e  scheme descr ibed above is based upon t h e  use  of r ec t angu la r  

subdomains i t  can lead  t o  an inaccura t e  r ep resen ta t ion  of da t a  on curved 

boundaries.  However, i f  simple f i n i t e  d i f f e r e n c e  analogue of t he  chain r u l e  

which has  been descr ibed i n  P h i l i p s  and Rose [51 is employed a t  boundaries  t o  

t ransform the  d i f f e rence  equat ions from a r ec t angu la r  ce l l  a more e f f e c t i v e  

means of t r e a t i n g  nonrectangular  domains can r e s u l t .  

F i n a l l y ,  Tanabe [61 has shown t h a t  t he  Kaczmarz a lgor i thm can be app l i ed  

-13- 



t o  ob ta in  t h e  least  squares  s o l u t i o n  of a system of equations. This  permi ts  a 

is 

imposed throughout Dh. The t rea tment  of (1.1) as descr ibed  by (3.1) and 

(3.2) (or  us ing  t h e  box v a r i a b l e s  (3.4)) should he lp  c l a r i f y  t h e  r e l a t i o n s h i p  

of t h e  least  squares  problem t o  a f u l l y  determined a l g e b r a i c  system. 

d i r e c t  means of t r e a t i n g  (3.1) when t h e  v o r t i c i t y  equation (3.2) f o r  c3 
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